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Abstract 

The aim of this paper is to prove the following result. Consider the critical Ising model on 
the rescaled grid aZ 2 . Then, the renormalized magnetization field 

$°:=a 15 / 8 £ a x 6 x , 

x£aZ 2 

seen as a random distribution (i.e., generalized function) on the plane has a unique scaling limit 
as the mesh size a \, 0. The limiting field is conformally covariant and will be shown in [CGN 
to be non-Gaussian. 
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1 Introduction 

1.1 Overview and main results 

Consider the Ising model on the rescaled grid aZ 2 at the critical temperature j3 c = /3 C (Z 2 ). (We 
refer for example to |Gri06j for a nice introduction to the Ising model.) We will be interested in the 
following object. 

Definition 1.1. The renormalized magnetization field <3? a , a random distribution on the plane, 
is 



where a is a well-chosen renormalization factor. (In fact we will use a slightly modified version, 



see Definition 2.1). 

As we will see later in Definition 1.7, we will fix^Q a := a 15 / 8 . 



Our main theorem can be stated as follows. 

Theorem 1.2 (Scaling limit). The magnetization field <I> a converges in law as the mesh size a \ 
to a limiting random distribution The convergence in law holds in the Sobolev space H~ 3 under 
the topology given by \\ • ||%-3. (See Section^) 

In fact our result holds for any simply connected [^] domain C C. More precisely, consider a 
simply connected domain f2 in the plane which contains the origin, and let £l a denote its approxima- 
tion by the grid aZ 2 of mesh size a, i.e., £l a := $7 n al? . (The approximation might not be simply 
connected anymore, so in this case we keep only the connected component of the origin). Consider 
the Ising model in O a with + boundary conditions, at the critical temperature f3 c (we will also 
analyze the case of free boundary conditions) . The above definition of (renormalized) magnetization 
field easily extends to this setting: 



1 This particular choice assumes Wu's result MW73 , Wu66 . Note that this choice may be debatable. For example, 
the authors of CHI12 don't assume Wu's result. Without such an assumption, our results remain valid with Q a 
defined more implicitly. See Definition 1.7 and Section [6] 



In principle the results do not require the domain to De simply connected but this assumption allows us to directly 
use various results from the literature that so far were proved only in the simply connected case. 
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Theorem 1.3. Let Q be a bounded simply connected domain of the plane with a smooth boundary. 
Consider the critical Ising model with + or free boundary conditions in Q a . Then, the magnetization 
field = <l? a converges in law as the mesh size a \ to a limiting random distribution = . 
The convergence in law holds in the Sobolev space T~L~ 3 = 7-l~ 3 (Q) under the topology given by 
|| • ||%-3. (See Section^. 

Note that the following corollary on the renormalized magnetization random variable follows 
easily from the above result. We state it in a similar way as one would state a central limit 
theorem. 

Corollary 1.4. Consider the critical Ising model in the JVxJV square An with + boundary condi- 
tions on dAjy. Then, the random variable 

1 \ - 



AT15/8 

x&A N 

converges in law as N — > oo. 

We will list a number of properties satisfied by the limiting fields ^J^?, m°° (see Definition 



1.5 



below) in Section [7J Most of them will be proved in |CGN| . In particular, we will prove in 



|CGN] that these limiting fields are not Gaussian (with exp(— cx 16 ) tail behavior). 

The field and some of the related near-critical scaling limit fields (e.g., as in Section [7] below) 
are 4> 4 Euclidean (quantum) field theories — see, e.g., |Si74j . 

Definition 1.5 (Renormalized magnetization). For any simply connected domain £1 with bound- 
ary condition £ on d£l (which in this paper will be either + or free), let be the renormalized 
magnetization in the domain Q defined by 

m a n ■= (<S> a An) 

£ 



a 15 / 8 > a x . 



Exactly as in Corollary 1.4 tuq converges in law as a \ 0. (The limiting law will depend on the 
boundary condition £). 

1.2 Choice of the scaling factor 

For any bounded domain f2, the magnetization M a := ^2 x£ Q a o~ x has variance 

Var[M a ] = ^[°x°v] ■ 



It can be shown (see Proposition A.l in Appendix [a| that q] as a \ 0, 



3 In this paper /(a) x g(a) as a \ means that f(a)/g(a) is bounded away from and oo while f(a) ~ g(a) means 
that f(a)/g(a) -> 1 as a \0. 
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where C a denotes the square grid al? and a and (y/2 + y/2i) a stand for approximations of the 
points 0,\/2 + V2i G C. 

Following the notation of [CHI12J, let us introduce the quantity 

g(a) := E Ca [a 0a a {V ^ +v ^ l)a ] . (1.1) 

From the above discussion, it is thus natural to scale our magnetization field by a scaling factor of 
order a? q(o)~ In most of the rest of this paper (until Section]^, we will assume the following 
celebrated result by T. T. Wu. 

Theorem 1.6 (T. T. Wu, see WuOfil lMW73j ) . There exists an explicit constant c > such that 
as a \ 

^(a)-ca 1 / 4 . (1.2) 

Definition 1.7. Assuming this asymptotic result, we will thus scale our magnetization field by the 
scaling factor 

G a :=a 15 / 8 . (1.3) 

Remark 1.8. We believe that it is reasonable to assume Wu's result since it is considered to be among 
the rigorous results obtained in the theoretical physics literature (yet, according to some experts, 
although there is no theoretical gap, some details need to be filled in). Nevertheless, this choice may 
be debatable. In [CHI12J, for example, the authors decided to state their result without assuming 
Wu's result. In our case, if one avoids assuming Wu's asymptotic, all our results remain valid by 
replacing the above formula for Q a by the more cumbersome Q a := a 2 g{a)~ 1 ^ 2 — see Section pi 



1.3 Brief outline of the proofs 



We will give two proofs of our main result, Theorem 1.3, each proof having its own advantage. Let 
us briefly sketch in this subsection our two strategies. They both start with the same tightness step. 



1.3.1 Tightness 

The main difficulty here is to find an appropriate functional setup in which the random distribution 
& a is tight as a \ 0. We prove in Section [2] that <3? a is tight in the Sobolev space of negative 
index % -3 . Note that the particular case of the tightness of the random variable m a := ($ a , 1) was 
already proved in |CNQ9| . see also |C12j . 



1.3.2 First proof 

In the first proof (Section [3]), we rely on the FK representation of the Ising model which allows 
us to decompose the distribution <£ a as a sum over the FK clusters, where each cluster C carries 
an independent coin flip o~c 6 { — 1,1}. This approach is convenient since it reintroduces a lot of 
independence into <I> a . It also gives an interesting way to think of the limiting field = lim a _;.o 3> 



a 



The drawback of this approach is that we need to rely on Assumption 3.2 Note that the main 



argument which consists in constructing "area measures" on critical FK clusters, is somewhat close 
to the construction of "pivotal measures" in [GP SlOj . 
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1.3.3 Second proof 



Our second proof (Section [4]), as opposed to the first one, does not rely on any assumption (besides 
assuming Wu's result if one wants to keep the scaling a = a 15//s ). For any bounded domain Q, the 
idea is to characterize the limit of <& a by showing that the quantities 



0*.(/)=E[ e <*"'/>], 

converge as a \ for any test function / £ % 3 . The main ingredients are the breakthrough results 
by Chelkak, Hongler and Izyurov on the convergence of the /c-point correlation functions as well as 



our Propositions 4.5 and 4.9 



2 Tightness of the magnetization field 

Let us first introduce what the setup is when the field & a is defined on the compact square [0, 1] 



The extension to general domains as well as to the full plane will be given in Subsection 2.2 



2.1 Tightness for $ a in a well chosen Sobolev space (case of the square) 

In this subsection, we follow (almost word for word) the functional approach which was used by 
Julien Dubedat in |D09| for another well known field: the Gaussian Free Field. 

Let U\ = Hq([0, l] 2 ) be the classical Sobolev Hilbert space, i.e., the closure of Cg°([0, l] 2 ) for 
the norm 

11/11^:= / \Nf\\ 2 dA. 

Let 1-L~ X be the dual space of Hq. It is a space of distributions (i.e., H^ 1 C D') and it is also a 
Hilbert space equipped with the norm (the operator norm on Ti^ 1 ) 

\\h\\ n -i := sup (h,g) . 

9 eC -([0,l] 2 ):||9ll„i<l 

(Here (h, g) stands for the evaluation of the distribution h against the test function g). 
It will be useful to work with the following basis of Cg°([0, l] 2 ): for any j, k E N + , let 

e j>k (x, y) := 2 sin(j7ra;) sin(A;7ry) . (2.1) 

It is straightforward to check that 



(sj,k)j,k>o is a joint othogonal basis for % 1 and 
< IMI 2 ^ = j 2 + A; 2 (2.2) 

\\r, II 2 — 1 
^ \\<ij,k\\ n -i — p +k 2 

In particular, if h = Y^j,k a j,k ej,k, then = J2j,k 

More generally, for any a > 0, one can define the Hilbert space as the closure of Cg°([0, l] 2 ) 
for the norm 

j,k>0 
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where / S Cq° is decomposed as / = J2j k>o a j,k e j,k- Let H a be its dual space. It is a Hilbert 
space with norm 



||/i[|%-a := sup (h, g) . 

geC -([o,ip) : || 9 || W a<i 

Furthermore, if h £ L 2 C H~ a , then /i has a Fourier expansion and its || • ||%-a norm can be 
expressed as 

From now on, for any a > 0, we will consider our magnetization field <l? a as an element of the 
Polish space (% -3 , || • H^-3). Furthermore, since Dirac point masses do not belong to 'HT (X for 
a < 1/2, it will be more convenient to change slightly the definition of the distribution $ a to the 
following definition. 

Definition 2.1. We let 

ze[o,i] 2 naZ 2 

where S a (x) denotes the square centered at x of side-length a. 

As such $ a now belongs to I? and hence has a Fourier expansion allowing us to rely on formula 



(2.3) in order to compute ||<£ a ||^-a. 

Before proving that the random variable $ a has a unique scaling limit, a first natural step is to 
prove some kind of tightness for the sequence of random variables (3> a ) Q >o- With this perspective 
in mind, the following well-known result will be useful to us. 

Proposition 2.2 (Rellich Theorem). For any ct\ < Q2, %~ ai is compactly embedded in T~L~ a2 
(Hr ai CC l~L~ a2 ). In particular for any R> 0, the ball 



B H - 2 (0,R) 

is compact in %~ 3 . 

Thanks to this property, in order to prove tightness, it is enough for us to prove the following 
result. 

Proposition 2.3. Let us fix some boundary condition £ on the square [0, l] 2 . Assume that the 
boundary condition £ is made of finitely many arcs of +,— or free type. By & a , we denote the 
magnetization field within [0, l] 2 Pi aZ 2 subject to the boundary condition £.Then as a \ 0, one has 

limsupE[||$ a ||^_ 2 ] < 00, 

a\0 

uniformly in the boundary conditions £ and thus (3> a ) a >o is tight in the space %~ 3 . 
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Proof. We wish to bound from above the quantity 



K\\* a \\u-*] 



j,k>0 



j,k>0 



The following lemma concludes the proof of Proposition 2.3 



Lemma 2.4. There is a constant C > such that for all j, k > 

limsupsupE[($ a ,ej ifc ) 2 ] <C. 



a— >0 j,k 



Proof. 



x^j/e[o,i] 2 naZ 2 



E [a x o-y] 



+ a 



15/4 



E 



xe[o,i] 2 naZ 2 



S a (z)xSa(y) 
1 



ej,A:(x)ej ! fc(y)dA(x)ci^(y) 



Sa (%) 



j,k{x)dA(x) 



<« 15/4 H^||L E |Eh^]l+a 15/4 ||e 
x ^e[o,i] 2 naZ 2 

<C(1), 



■hi 2 



E 1 

xe[o,i] 2 naZ 2 



uniformly in j, k and the boundary condition £ (indeed, by FKG for the FK representation, it is 
enough to dominate E^cr^] by the extreme boundary conditions <!; = + or £ = — ). □ 



Remark 2.5. Using Lemma 2.4 as is, it is straightforward to strengthen the above proposition by 
showing that for any e > 0, (<J> a ) a >o is hi fact tight in the space 1-L~ l ~ e . It is thus natural to wonder 
for which values of a > 0, (3? a ) a >o remains tight in %~ a ? It is clear that there is a lot of room 
if one wishes to obtain better estimates than the one provided by Lemma 2.4 Yet it appears that 
there is some a > such that (<& a ) a >o is not tight in T-L~ a when a < a. In particular, it appears 
that $ = lim <3? a is less regular than the planar Gaussian Free Field. 



2.2 Extension to other domains and to the full plane 

For the extension to other planar domains, it is tempting to use the conformal invariance of || • ||^i. 
I.e., if ^ C is some simply connected domain of the plane, and if (j) : B — > Q. is a conformal map 
from the disc to the domain f2, then for any / : Q — )■ C, one has 

= [ ||V(/o0)|| 2 ^ 
Jd 

= H/ 0( AII^(B)- 
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Unfortunately this is of no use here since at the discrete level, aZ 2 is not conformally invariant, 
and furthermore we did not prove that (<l? a ) was tight in the dual space %~ 1 . 

Hence, one needs to rely on a slightly more hands-on approach. The difficulty to overcome 
here is that for a generic domain £1, one does not have an orthogonal basis for the Laplacian with 
bounded L°° norm. Yet, as we will see below, one can still use the fact that Proposition 2.3 is 
uniform in the boundary conditions £. 

Let us first tackle the case of bounded domains. 

2.2.1 Case where Q, £ C is a bounded simply connected domain of the plane, with 
prescribed boundary condition £ on d£l 

Let (Qi)ieN De a Whitney decomposition of into disjoint squares. For any a > let $q be the 
magnetization field on f2 n aZ 2 induced by the boundary condition £. One can write $ a as 

ieN 

By the triangle inequality, one has that 

ll* B ll«-»<£ll*f j«-». 

ieN 



Now the key step is to notice that the proof of Proposition 2.3 immediately gives 

Lemma 2.6. There exists a uniform constant C > such that for any domain f2 and any boundary 
condition £ on d£l, if Qi is a square inside O (with area X(Qi) ), then for any a > : 

E[||<I>? |&_ 3 ] < CA(Qi) 15/8 - (2-4) 

Proof (sketch). To see why this holds, take a square Qi inside Let q be its side-length so that 
q 2 = X(Qi). By renormalizing the scale by a factor 1/q, one can see that our field <&jg. has the same 
'Hr' 1 norm as 



But now, -Qi is a square of side-length 1, therefore by Proposition 2.3 (which was uniform in the 
outer boundary condition) 

This gives 



K\\*\i q o \\ 2 H-*]<C- 



ER|$f \\l- 2 ] < q l5/A C = C\(Qi) 15 ^ . 
1 \Qi 1 

□ 

By Cauchy-Schwarz, this implies that 

E[||*f_ WuA <C 1 / 2 A(Q,) 15/16 - (2-5) 

From this formula, one can see that one cannot hope to prove a tightness result for $ a on the 
full domain f2. Indeed there are bounded domains for which ]T\ X(Qi) 15 ^ 16 diverges. Yet, for our 
purposes, it will be sufficient to prove the following weaker result. 
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Proposition 2.7. Let Q be a bounded simply connected domain of the plane. For any open set U 
whose closure U is contained inside Q, there is a constant C = Cjj > such that for any boundary 
condition £ on dd, one has 

E[m\\ H -,]<Cu. 

Hence the restriction of (3> a ) a >o to the open subset U is a tight sequence in "H~ 3 . 
Proof. Observe that 

E[m\\ H -,]<c^ £ xm 15/w - 

By the properties of Whitney decompositions, only finitely many Qi intersect the subset U, hence 
the above sum is finite and is bounded from above by some constant C = C(U) > 0. □ 



2.2.2 Case of the infinite plane 

(The case of non-bounded simply connected domains is treated similarly.) 

Our magnetization field <3? a := YlxeaZ 2 fll5//8 &x5x is well defined as a distribution on the full 
plane R 2 . One natural way to proceed in order to keep some tightness is to view our field as a 
nested sequence of restricted fields: {&? Bk )k>i where Bk is the square [— 2 h ,2 k ] 2 . This sequence of 
nested distributions lives in the product of Hilbert spaces 



3 
B h ' 

k>l 



where for each k > 1, denotes the dual of H^Bk). 

Since for any k > 1, (Efll^i 1 ||- H -2]) a >o is a bounded sequence (by 0(2 15fc / 8 )), the sequence of 



/-3 



random variables (<I ) J J Bfe )a>o is tight in the space 'H Bk - In particular, there is a subsequential scaling 
limit, i.e., there is a random field G H B 3 and a sequence (a£j m >i with a^ n \0 such that 

R, T k > 

in law (for the topology on 7i B 3 induced by || • H^-s). Furthermore, from k to k + 1, one can choose 
the subsequential scaling limit (a^ 1 )™^ so that {a^ -1 }™ C {a^} m . This allows us to define a 
"joint" subsequential scaling limit along the sequence 

Doing so, the sequence (^ Bk )k>i converges in law (for the product topology) to 

($*)*>! G H~ 3 . 

It is obvious (going back to the discrete mesh fields ^ Bk ) that a.s. for any k > 1, one has 
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2.3 Subsequential scaling limit 



Proposition |2.3| has the following immediate corollary. 



Corollary 2.8. Let £ be a boundary condition on the square [0, l] 2 as in Proposition 2.3, then there 
is a subsequential scaling limit <!>*, i.e., a random distribution <£* 6 such that for a certain 

subsequence \ 0, $ ak converges in law to 3>* for the topology on H~ s induced by \\ ■ ||%-3. 



In the rest of the paper, in order to simplify the notation, we will stick to the case of the square 
[0, l] 2 . The extension to other domains as well as to the full plane can be done using the methods 
that have been presented in this section. 



3 First proof of the scaling limit of $ a using area measures on FK 
clusters 

3.1 Setup for the proof of convergence 



The proof will proceed as follows. The main idea of this proof of Theorem 1.2 is to rely on the 
recent breakthrough results by Smirnov [SmlOj . Our goal will be to show that the scaling limit $°° 
of the magnetization field <3? a is measurable with respect to an appropriate scaling limit of FK-Ising 



percolation. Yet, we will need to rely on Assumption 3.2 below, which can be seen as a slight 
extension of the results announced in |K£ 



3.1.1 Notation, space of percolation configurations, compactness 

We will work with the following setup : denote by o~ a the critical Ising configuration on aZ 2 n [0, l] 2 . 
As is well known, the configuration a a can be obtained from an FK configuration co a on aZ 2 n[0, l] 2 by 
flipping an independent {±} fair coin for each cluster of u a . Let w+ (resp. uj~) be the configuration 
consisting of the clusters of co a which have been chosen to be plus (resp., minus). Let us denote by 
Q a the coupled pair (w+ , ui~ ) . Note that one has u a = o;+ U oj~ . 

It will be very convenient to consider these FK configurations u a as (random) variables in a 
compact metrizable space {Jf,T) = (^o,i] 2 > T) which encodes all macroscopic crossing events. 
This compact space is not specific to our study of FK percolation and one can in fact rely here on 
the setup which was introduced by Schramm and Smirnov in [ScSmll] in the case of independent 
percolation (q = 1). Very briefly, it works as follows: the space of percolation configurations built 
in [ScSmll] is the space of closed hereditary subsets of the space of quads (Q, dg). Roughly 
speaking, this means that a point oj G Jf? corresponds to a family of quads Q S Q which is closed 
in (Q, dg) and which satisfies the following constraint: if Q £ uj and Q' is "easier" to be traversed, 
then Q' is in u> as well. In [ScSmll] , it is proved that this space Jff can be endowed with a topology 
T so that the topological space (Jt?,T) is compact, Hausdorff and metrizable. For convenience, we 
will choose a (non-explicit) metric dj^ on J4? which induces the topology T ■ See [Sc Smll ] for a 
clear exposition of the topological space (Jff, T). See also |GPS10l [GPSJ. 

Since we will need the crossing properties of the + versus the - clusters, we will in fact consider 
oj a = (oj^,lo~) as a random variable in the compact metrizable space Jt? x Jt? endowed with the 
product topology. 
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What is known about the limit as a — > of the coupling u a = (w+ , u a ) £ Ji? x Ji? ? First of 
all, the tightness for (u) a ) a >o follows immediately from the compactness of (Ji? x Ji?,T T): 

Fact 3.1. The random variable ui a = (uj^,oj^) is in Ji? x Ji? (with the product topology). Since 
Jf x Ji? is compact for the product topology T®T, there are subsequential scaling limits for (O a )a>o 
as a — > 0. 

It now remains to identify uniquely the possible subsequential scaling limits. 



3.1.2 Scaling limit for (oo a ) a> o 

It is known since the breakthrough paper [SmlO] that certain discrete "observables" for critical FK- 
percolation are asymptotically conformally invariant. These observables can then be used ([Smj) to 
prove that interfaces have a scaling limit described by SLE^,^ curves. In our case, we need a full 
scaling limit result. Indeed, our later results in this section of the paper are based on the following 
hypothesis. 

Assumption 3.2. The coupled configurations u) a = (u;+,u;~) considered as random points in (Ji? x 
J4?, 7~ <S> 7~) have a (unique) scaling limit as a \ 0; they converge in law to a continuum FK 

Woo = ( w i) W oo)- 

This assumption is very reasonable, based on the convergence of discrete interfaces to SLEiq/% 
curves which will appear in [Sm . An even clearer evidence is provided by the work in progress 
|KS] . where it is shown that the branching exploration tree converges to the branching SLEiq/% 
tree. However, as explained in |ScSmll] , it is not always easy to go from one notion of scaling limit 
to another. In the case of standard percolation (q = 1), the first and third author proved ( |CN06| ) 
the existence and several properties of the full scaling limit as the collection of all interfaces, building 
the limit object from SLEq loops, and, as explained in [GPS10, Section 2.3], their results imply 
convergence also in the "quad topology" (Ji? , T). 

In our present case, from the convergence of uj a to CLEiq/% (as announced in |KSj ). it is not 
hard to represent the scaling limit countable family of nested loops as in |CN06j . Now, 

following [CN06] (as explained in [GPSIO} Section 2.3]), plus the fact that the 6-arm exponent for 
critical FK percolation is also > 2 (see |CDHj . Corollary 5.9) one should be able to obtain in the 
same fashion the convergence of u a to Woo in the sense of the topological space {J^,T). 

This step would justify the convergence of ui a to to^ in (Ji?,T), but we need slightly more, 
i.e., convergence of u a to uJoq. This is not the hard part of the story. Indeed, from the CLE ie / s 
exploration tree, we argued above that we can see Woo as a countable collection of nested loops (as 
in |CN06j ). The collection of countably many clusters is measurable with respect to this notion of 
scaling limit. One can thus "toss a coin" for each of them and obtain two configurations w^,, each 
of them being seen as a countable (sub-)family of nested loops. There are no 6-arm events either in 
these configurations, and one can thus apply the same arguments (from |CN06] ) to give a limiting 



(w^Wqo) G 3ff x . Note that the preceding discussion is an explanation of why Assumption 3.2 
is reasonable but it is not a complete proof. 



3.1.3 Measurable events in x 

In this subsection, we follow very closely Subsection 2.4. in [GPS10J. We refer to that paper for 
more details and will only highlight briefly how to adapt the definitions to our present case. 
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Let A = (d±A, 82 A) be a fixed topological piecewise smooth annulus embedded in our domain 
[0, l] 2 . We will often rely on the events A^ = Af which are in the Borel sigma field of (,Jif x 
J4?,T <8> T) and which are defined as follows: 

A[ := {oj G x je, 3Q G Q s.t. Q G lo + and Q connects diA with 02-4} • (3.1) 

The event A^ is defined in the obvious related manner. We may also define the one-arm event Ai 
on the "uncolored" space r Jtff. We will need the following extension of Lemma 2.4 in [GPS10] whose 
proof applies easily to our present case, assuming the 5-arm and the bound on the 6-arm exponent 
for FK percolation obtained in |CDH| . Theorem 5.8 and Corollary 5.9. 

Lemma 3.3 (see Lemma 2.4 in [GPS10 ). Let A be a piecewise smooth annulus in [0, l] 2 . Then, 

F[u a G Af] ^P[^oo € At] , 

as the mesh size a — > 0. Furthermore, in any coupling of the measures ¥ a and on the space 
x Jf,T®T), in which oj a — > Woo a.s. we have that1^±(u} a ) — >1^±(Cdoo) almost surely. 



3.1.4 General setup of convergence : the space J4? x x % 



-3 



Let us consider the coupling (a> a , $ a (a; a )) = io a , <I> a ) G J4? x Jt? x % 3 . In order to prove our 
main Theorem |1.2[ will will prove the following stronger result. 



Theorem 3.4 (under Assumption 3.2). The random variables (O a , <l? a ) G J^fxJifxT-L - converge in 
law as the mesh size a — > to (uioo, for the topology induced by the metric^\d jg> © d ' © || • ||%-3. 

Furthermore, the limiting random variable G % -3 is measurable with respect to ui^. I.e., 
we have 



From Proposition 2.3 we already know that (u) a , $ a (a))) is tight in the space J$? x J$? x H -3 
endowed with the metric d^@djg> © || • ||%-3. As in Corollary |2.8| one thus has subsequential scaling 
limits: i.e., one can find a subsequence — > such that (d; afe ,$ afe ) converges in law to (woo,$*) 
(here we use Assumption |3.2| which says that there is a unique possible subsequential scaling limit 
for oj a ). Since the space (Jff x J$? x T~l~ 3 , djf Q) d © || • ||^-s) is a complete separable metric space, 
one can apply Skorohod's Theorem. This gives us a joint coupling of the above processes such that 

(w« k ,* a *)^ (3.2) 



Proving Theorem 3.4 boils down to proving that <£* is in fact measurable with respect to ui c 



Achieving this would indeed conclude the proof of Theorem 3.4 (and thus Theorem 1.2 1 since it 



would uniquely characterize the subsequential scaling limits of (u> a , <& a ). 

The purpose of the next subsection is to reduce the proof of Theorem 3A to the study of the 
renormalized magnetization in a dyadic box. 



Recall from Subsection 3.1.1 that we have chosen a metric d^p on J$? which induces the topology T. 
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3.1.5 Reduction to the renormalized magnetization in a dyadic box 



We wish to prove Theorem 3.4 i.e., to show that if (w afc , $ afe ) — ^ (cJqo, $*), then $* can be expressed 
as a measurable function of uj^. Since <£* G H~ 3 , it can be decomposed in the orthonormal basis 



of L 2 , {e.j t k)i,k>ii that we already used in Section[2j 

$* = ^($*,e i)it )e^. (3.3) 



From the a.s. convergence (3.2), we have that for any fixed j, k > 1: 



where the convergence holds for the metric d^@d^@ || • ||r. In order to prove Theorem 3.4, thanks 



to the decomposition (3.3), it only remains to to prove that for each fixed j,k > 1, the limiting 
quantity ($* , e^) is itself measurable w.r.t. CUoq. 

It turns out that one can further reduce the difficulty of this task by approximating the function 
Cjfi using Riemann integrals as follows. Let us fix some j, k > 1. For any small /3 > 0, one can find 
dyadic squares B{ and real numbers hi so that if gp := ^ hlsi, then 

\\e-j,k - ^slU^do,!] 2 ) < P ■ 



Now, exactly as in the proof of Lemma 2.4, it is not hard to check that 

E[(($ a ,e 3 , k )-(<5> a ,gp)) 2 ] < C (3 2 , 

uniformly in a > (for some universal constant C > 0). If one can show that, as \ 0, (& ak ,g3) 
converges a.s. to a measurable function Gp(Ooo), then using the uniform L 2 bounds from Section 
[^together with the triangle inequality in L 2 , it follows that Gpfaoo) converges as P -> in L 2 to 
($*,ej i / c ). Since L 2 is complete, Gp(Ooo) has an L 2 -limit Go as (3 — > which is itself measurable 
w.r.t. cDqo and one has necessarily that ($*, a =' Gro(woo). Since G^ is a linear combination 
of magnetizations in dyadic squares, it follows from the above discussion that Theorem 3.4 is a 
corollary of the following theorem. 

Theorem 3.5. Let B be any dyadic square in [0, l] 2 and let the renormalized magnetization in B 
be the random variable 

m % = m a := a 15/8 ^ a x . 

x£aZ 2 nB 

Then the coupled random variable (a) a ,m a ) S ffl x ffl x L 2 converges in law as the mesh size 
a — > to (iDocm) for the topology induced by the metric d,%> x d^> x || • ||^2. Furthermore, the 
limiting random variable m G L 2 is measurable with respect to u^. I.e., we have 

m = m(woo) . 

We now turn to the proof of this theorem. Without loss of generality and for the sake of 
simplicity, we may assume that our dyadic square B is just [0, l] 2 . 
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3.2 Scaling limit for the magnetization random variable (proof of Theorem 3.5) 



3.2.1 Structure of the proof of Theorem 3.5 



The setup for the scaling limit of m a is similar to the setup we explained above (in Subsection 3.1.4) 
for the scaling limit of & a . Namely, we consider the coupling (cj a , m a ) embedded in the metric space 
(Jt? 2 x L 2 , d^>@djp@ || • Ilia). The tightness of (u) a , m a ) easily follows from the stronger tightness of 



Proposition 2.3 (see also |CN09] and |C12j ). In particular, there exist subsequential scaling limits 

,a k \ d /-* *\ 



By Assumption |3.2[ there is a unique possible law for ui^, which we denoted by Uoo. In order to 
prove Theorem 3.5, it remains to show that the second coordinate m* G 1? is measurable with 



respect to the first one. 

As previously, let us couple all these random variables using Skorohod's Theorem so that 

(O ak ,m a *) ^ (woo.m*), (3.4) 

for the metric d,%> © d^> © || • \\ L 2. 

The main idea will be to approximate the quantity m a by relying only on "macroscopic infor- 
mation" from the coupled configuration ui a . The "macroscopic quantities" we are allowed to use 
are the quantities which are preserved in the scaling limit Q a —> Ooo (i.e., crossing events and so on, 



see Subsection 3.1.3). 



We will approximate the magnetization m a by a two step procedure. First, let us fix some small 
dyadic scale p G {2~ k ,k G N}. Divide the square [0, l] 2 along the grid pi?. Let S p be the set 
of /^-squares thus obtained. For each p-square Q G S p , consider the annulus Aq := 3Q \ Q where 
we denote by 3Q the square of side-length 3p centered on Q. We will divide the clusters in the 
FK-configuration u a in two groups: the clusters which cross at least one annulus Aq,Q G S p and 
the clusters which do not cross any annulus. We may rewrite the magnetization m a as follows: 



m 



■ E a 15/8 ^ (3.5) 
xe[o,i] 2 naZ 2 

= E( E al5/v *+ E al5/8 ^)- ( 3 - 6 ) 

QeSp x£Q:x<r>d{3Q) xeQ:x^d(3Q) 

Following [CN09] (with a slightly different setup here), let us show that the contribution of the 
second inside sum is negligible in J? . Indeed, 

II E E al5/8cr *ll2 = E E al5/4]E [ q " a:q "?/ 1 ^gQ^ w 9(3Q) 1 i;gQ , :^a(3Q')] 
QeS p x£Q:x^d(3Q) Q,Q' x,y 

= E '^2 a ' 15 ^^'[^ x ^y^^Q:x^d(3Q)^yeQ':y^d{3Q')] 
Q,Q' x,y 

< E « 15/4 E[W] (3.8) 
x,y.\x-y\<8p 

= a^Oia-H-fip/a)- 1 ^) (3.9) 
a 

= 0(p 7/i ) (3.10) 
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Since we are looking for a limiting law for m a in L 2 , it is thus enough (up to a small error of 
0(p 7 / 4 )) to focus on the first summand 



QeSp xeQ:x-<->8(3Q) 



Since p > is fixed and the mesh size a — > 0, we are getting closer to an approximation 
by "macroscopic quantities". We still need to approximate in a suitable macroscopic manner the 
quantity 



L% = L a Q (cD a ) := £ 



,15/8 



x£Q:x<^d(3Q) 

for each p-square Q £ S p . This is the second step of our approximation procedure and for this, we 
will follow very closely the proof in [GPSlOj of the scaling limit of counting measures on pivotal 
points (called pivotal measures). In the rest of the proof, let us fix the value of p and fix some 
/3-square Q £ S p . 

Let e > be some small fixed threshold (such that a -C e <C p) . Divide the square Q D aZ 2 into 
equal disjoint squares of side-length e a := a[e/a\. There are N = f2(e~ 2 ) such squares inside Q (we 
don't need to keep the dependence in p in what follows) plus 0(e _1 ) squares which intersect the 
boundary of Q. Let (fij)^^ N y denote the set of such e a -squares inside Q. 

For each % £ [N] := {1, . .'. ,'n}, let 

Xf = X i := Yl al5/8(T *- ( 3 ' n ) 

x£Bi:x-t^d(3Q) 

Furthermore, let B := (J Bi C Q. We thus have 

L a Q =j2 x i+ E fll5/v - ( 3 - 12 ) 

ie[N] x£Q\B :x^d(3Q) 

The second term (which arises when p is not a multiple of e a ) turns out to be negligible in L 2 
as well. Indeed, 

|| £ a 15 / 8 ^ 2 < ^ a 15 / 4 P[xoy] (3.13) 

xeQ\S :a;oa(3Q) x,y&Q\B 

fc=l 

< 0(1) P - (p/ef/ A e A e- l / A (3.15) 

< 0(l)p 7 / 4 e 2 . (3.16) 

Therefore as e goes to zero, and uniformly in the mesh size a < e, the boundary term is negligible 
m I?. It thus remains to control the term ^ie[iv] X\. 

For this, let us introduce for each i £ [N], the variables 

Y{ = y/K) := 1 ^+ -1 w _ . (3.17) 

{Bi+±>d(3Q)} {B^d(3Q)} 

We will prove in the next subsection the following proposition. 
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Proposition 3.6. There exists a universal constant c > such that for any square Q of side-length 
p as above, we have 

[|£*i-c/3(e)XVi 6 ll2— ►O. (3.18) 

as e — > uniformly in a < e and where /3(e) := e 2 af K (e, 1) _1 is the one-arm probability for FK-Ising 
percolation in the annulus [— 1,1] 2 \ [— e/2,e/2] 2 . 



Before proving the proposition, let us explain why it indeed implies Theorem 3.5 From Subsec- 



tion 



3.1.3 there are measurable functions Y^Woo) such that for each i S [N] and along the above 



subsequence (a*) (see Equation (3.4)): 



Furthermore, one can see from Proposition 3.6 that ||/3(e) X^^ e ( w a)ll2 is bounded uniformly in 
< a < e. This implies, modulo some triangle inequalities that 



||^(^ afc )- C /3( e )^y/(d; oo )|| 2 ^0, 
uniformly in < a& < e. This in turn implies that the sequence ( c/3(e) Yl Yf(Q 



x ii is a Cauchy- 

e>0 



sequence in L . In particular, it has an L -limit that we may denote by Lq(uJoo) and this L -limit 
is such that 

'CL k , 



1^2 (^aj -iQ(Woo)||2 



as the mesh size — > 0. 

Using the above estimates, we have that 



TO 



(woo)!!! 



uniformly in < < p. Exactly as above with the second order approximation in e, the 
above displayed equation (plus the L 2 bounds we already have) implies that the Cauchy sequence 



N / i has an L -limit denoted by m(a; 00 ) as p — > 0. Finally, thanks to the a.s. con- 

2 



vergence in Equation (3.4), this L -limit must be such that 

m = m(w 00 ) , 



which ends the proof of Theorem 3.5, modulo proving Proposition 3.6 



(3.19) 

□ 



3.2.2 Proof of Proposition 3.6 



We want to show that for any 5 > 0, one can take e > sufficiently small so that for any < a < 
e < P, 

E[(^^-c/3(6)^y/) 2 ] <S. 
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Let us decompose this quantity as follows. 

,2 

J = 



E[C£xf-cP(e) ^y/) 2 ] =^E[(Xf-c/3( e )y/)(X)-c/3(e)^)] (3-20) 



< Yl (iE[^-]+c 2 /3(6) 2 E[y/y/; 

i,j:d(Bi,Bj)<r 

+ Y, K[{Xt-cP(e)Y{)(Xj-cP(e)Yf)], 

i,j:d(Bi,Bj)>r 

where r is a mesoscopic scale e <C r <C p which will be chosen later. To go from the first to the 
second line, we used that fact that the cross product terms are necessarily negative as can be seen 
by first conditioning on the non-colored FK configuration uj a . 

The first term of the RHS of the above displayed inequality is easy to bound. Indeed, 

E E t^]< E a^E[a x a y ] < 0(r 7 /<) , 

i,j:d(Bi,Bj)<r x,y£aZ 2 nQ s.t d(x,y)<2r 

and similarly for ]T\ _R,)<r c 2 /3(e) 2 E [Y/Y^] . One can thus fix r > small enough so that, 
uniformly in a < e < r, the first term in the RHS of (3.20) is < 5/2. 

For the second term, we proceed as in [GPS10] using a coupling argument. Proposition 3.6 will 
follow from the next lemma. 

Lemma 3.7. For any fixed r < p < 1 and any 5 > 0, one can choose e = e(r, p, 5) > small enough 
such that for any pair of squares Bi, Bj with d{Bi, Bj) > r, one has 

E[(XI - c/3(e)Yf) (X) - c/3(e)Y/)] < . 

Let us explain why this lemma is enough to conclude the proof. Summing the estimate provided 
by the lemma over all Bi, Bj with d(Bi, Bj) > r, one gets 

£ E[(^-c/3(e)Y/)(X|- Cy 3( e )Y/)] < ^E[(L^ a )) 2 ] . 

i,j:d(Bi,Bj)>r 

Now, it is straightforward to check that the second moment E[(Lg(o) a )) 2 ] is bounded by Cp 15 / 4 

uniformly in a < e < p where C is some universal constant. By choosing 5 = S/C, we conclude the 
proof. □ 



Proof of Lemma 3.7, Let us fix two squares Bi and Bj at distance at least r from each other. 
Conditioned on the event that both Bi and Bj are connected to d(3Q), our strategy is to compare 
how things look within the e-square Bi with the following "test case." Consider the e-square Bq 
centered at the origin and let Qo be the square [— 1, l] 2 also centered at the origin. Let us define 

X := a 15//8 Y, °~x^{x-HdQ in ui a } ■ (3.21) 

x£aZ 2 nB 
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Recall the events defined in Subsection 3.1.3 and applied here to the annulus A = Qq \ Bq. We 

(3.22) 



first wish to show that there is a constant c > such that 

(e[X I A+] ~c/3(e) 



\E[Xq I Ai] c/3(e) ' 

uniformly as < a < e go to 0. To see why this holds we note that, as in Section 4.5 in [G PSlOj . 
one has that 

E [* oKMe/o )^/ 8 |^il. 

To adapt the proof from [G PS10] , it is enough to have some control on the half-plane exponents 
of critical FK percolation "in the bulk," which are obtained in the usual manner using RSW from 
[DHNllj . 

Now, using Theorem 1.3 (with k = 0) in [CHI12 together with Wu's result, Theorem 1.6 we 
have that , 1) ~ ca 1 / 8 as a — > 0, which explains the desired asymptotic. 

In what follows, for any u > e, we will denote by D u (D u ) the square centered around Bi (Bj) 
of side- length u. Let us fix yet another mesoscopic scale 7 so that e<7<r (for example 7 := r 2 ). 
Let m := d(Bi, Bj)/2 and let z be the midpoint between the centers of Bi and Bj. Let R + be the 

event that {dD^ 4r— > dD m } n { there is a circuit of w + inside D r \ Dy that surrounds D^}. The 
event R~ is defined similarly. Notice that R + n R~ = 0. On the event R^, let C = C(Cu) be the 
outermost such open circuit for the FK configuration u G Jff (the outermost open circuit necessarily 
has the appropriate color). 

Let us analyse in the term E[(Xj — c/3(e)Y i e ^ (Xj — c/3(e)yj)] the contribution coming from the 
event {R + U R~) c , namely: 

E[(X t - cj3(e)Yf) (Xj - cfi(e)Yf); (R + U R-) c ] < E[XiXj + c 2 /3(e) 2 y 4 y j; (R+ U R~) c ] . 



See the explanation after (3.20) as to why the cross product terms are negative. Following [GPS10 , 
E[XiXj;(R + UR-) c ] 

= E[XiXj- dD e dD rn ; dD e dD m ; dB(z, 2m) d{3Q); {R + U R~) c ] 
< 0(l)E wircd [X i ]E wircd [X J ^r cd (e,p)ar ed (e, 7 )P[5 J D 7 dD m ; (R + U R~) c ] , 

where we have just used FKG and where we dominated Xi by X{, the number of points in Bi 
connected to dBi (we also used some straightforward quasi-multiplicativity for the one-arm FK event 
which follows easily from the RSW theorem in |DHNll| ; see for example jW09| for an explanation 
of quasi-multiplicativity in the case of standard percolation and see |CDH] for quasi-multiplicativity 
results in the case of FK percolation). Now, using FKG with RSW from [DHNll| . we get that there 
exists an exponent £ > such that P[i? + U R~ | <9D 7 < — > dD m ^ > 1 — (7/m)^, which implies that 

F[dD^ ^ dD rn - (R + U R-) c ] < af K (7,m)( 7 /m)« . 
Altogether, we obtain that 

E[XiXj; (R + U R-) c ] < 0(l)E[XiXj] ( 7 /r 
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The term E[c 2 /3(e) 2 Yjlj; (R + U -R~) c ] can be treated similarly. We may thus focus our analysis on 
what is happening on the event R + U R~ . Let Tc be the filtration induced by the configuration 
outside the contour C. One can write 

|E[(Xi - c/3(e)Y/) {X 3 - c/3(e)Y/);i? + U R~] \ 

= E[\Xj - cp{e)Y s \ E[\Xi - cP(e)Y-\ \ T c ] ; R + U iT] , 

since on the event i? + U the variable \Xj — c/3(e)Yj\ is measurable w.r.t. Tc- Now, 

E[|X,- - cfi(e)Yj\ E[\Xi - c/3(e)Yi\ \ T c ] ; # + U iT] 

= P[i2+]E[|X,- - c/3(e)^-| E[|Xi - C p(e)Y i \ | JF C ] | R + ] 
+ F[R-]E[\X J -c(3(e)Y J \ E[|X, - c/?(e)Y| | Jb] | R~] 

Let us analyze the first term, it gives 
P[-R + ]e[|X,- - cP{e)Yj\ E[\Xi - c/3(e)Y| | T C ,R + ] R^ 

= P[ J R+]E[|X j - cP(e)Yj\ lc^d(3Q)K\ X i ~ c ^) Y i\ I C ' R+ ] R " 

= F[R+)m[\X j -cP(e)Y j \lc^ d{3Q) F[d(B i ) o C \ C, R + }M[\Xi - cp(e)Y-\ \ 0,8(3,) o C) i^^ 

We will prove below the following lemma. 

Lemma 3.8 (Coupling lemma). For any contour C , we have the following control on the conditional 
expectation: 

E[\Xi-cP(e)Yi\ | C,d(Bi) C] < K(e/j) a f3(e) 
for some exponent a > and some constant K G (0, oo). 

Plugging this lemma into the last displayed equation leads to 



[i?+]E[|X,- - cp(e)Yj\ E[\X { - c/3(e)Y| | T C ,R + ] R A 

< C(e/ 7 ) Q /3(e)P[ J R+]E[|X i - c${e)Y 3 \ W(3Q)P[3(Bi) C \ C,R + ] R + 

< 0(l)(e/ 7 ) a /3(e)af K ( 7 ,m)E[|X j - cp(e)Y j \ le^P^fli) o C | C, # H 



(3.23) 



Now, similarly to the above analysis of what happens on the event (R + U R ) c , it is not hard 
to check by cutting into different scales and dominating by wired boundary conditions that 



E 



\Xj - cP(e)Yj\ lc»d(3Qf[d(Bi) *+C\C, R+] 



R^ 



<0(l)(3(e)^ K (e,p)a^(e, 7 ) 



FK, 



which together with ( |3.23 ) and quasi- multiplicativity gives us (since one has also the same estimate 
on the event R~), 



\E[(Xi - c(3(e)Yf) (X, - c/3(e)Y/) ; R + U R~] \ < 0(l)(e/ 7 ) Q /3(e) 



a^(e,pf 



a\ K (m, p) 
^OUXe/^EfX^], 



which (modulo proving Lemma 3.8) completes our proof of Lemma 3.7 



□ 
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3.2.3 Proof of Lemma [3781 



Let vc be the wired FK probability measure conditioned on dBi f-> C and let vq be the FK 
probability measure in Qq conditioned on the event A\ = A\(x + Qq \ Bq), where we translated 
the annulus A = Qq \ Bq so that it surrounds B{. Clearly, in the domain T>c (inside the circuit C), 
the measure vc dominates vq. Using RSW from [D HNllj . there is an open circuit in T>c \ B% for 
ij^ ~ uq with ^-probability at least 1 — cie/^p. Let us call this event W . On the event W, let C be 
the outermost circuit inside T>c for Since vc dominates vq, one can couple oo^ ~ vc with u;° so 
that on the event W, they share the same open circuit C and are conditioned inside T>q only on the 
constraint {dBi C}; in particular, on the event W, in this coupling one has Xi = Xq. In order to 



prove Lemma Q it is enough to show that E [Xn W c \ C, dB { o C] and E [X ; W c \ C, dBi o C] 
are negligible w.r.t /3(e), which is straightforward using the quantity E[Xi] x F[W C ] as we did 
previously while analyzing what happened on the event (R + U R~) c . □ 



3.3 Approximating <3>°° using signed measures 

There are several advantages to the above proof. First, it shows that $ 00 is measurable w.r.t. 0^. 
Furthermore, it gives us a good way to visualize the limiting magnetization field For example 
the following result can be extracted from our proof above. 



Theorem 3.9 (under Assumption 3.2). Let = ^^(woo) be the scaling limit of the magnetization 



field in the domain [0, l] 2 . For each cut-off p > 0, let C = C p (Cd 00 ) be the a.s. finite set of clusters 
of Wqo which cross at least one annulus 3Q \ Q with Q a square in S p . 

For each cluster C G C, using the technology of our above proof (see also JGPSIO^ ). one can 
define an area measure pc supported on this cluster which is measurable w.r.t. O^. Furthermore 
this ensemble of area measures is such that the signed measure & p = $ p (o) 00 ) defined as follows 

s , eCp(o; CX) ) 

approximates our magnetization field <&°° in the following quantitative manner: 

E[||$°° -$"|&_ 3 ] < 0(p 7/i ). 
Very briefly, the latter quantitative statement follows from a computation similar to what was 



done in Subsection |2.1| Indeed, one has 

\00 /F>PI|2 1 1; „ TT7 r 1 1 /Fi ( , — . A i^Plr. M|2 



E y|$oc _ d>P||^_ 3 j = limsupE[||$(a; a ) - $'(w )||£. 



3 



_ E[((#(ga) — & p (u) a )),ej } k) 2 ] 
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Further, for each fixed j, k > 1, 
E[((*(w ft ) - ei , fe > 2 ] < a 15 / 4 



ej ) k(x)e j!k (y)dA(x)dA(y) 

2 



+ a 15 / 4 £ 

xe[o,i] 2 naZ 2 



P[x <£C] 

2 ej ifc (a;)^(x 

8 a (x) a 



<o 15/4 lle -til 2 



<o(p" 1 ) , 



^y,|a;-y|<p,e[o,i] 2 naZ 2 



\&l<J x o y }\ + a 15/4 ||e iifc ||£, £ 1 



xe[o,i] 2 naZ 2 



for < a < p as /) — )• 0. 

This theorem gives an idea of how regular or irregular the random distribution < 3?°° should 
typically be. For instance, this theorem should be useful if we wanted to "detect" which Sobolev 



space % e , should a.s. be in; see Remark 2.5 



4 Second proof of the scaling limit of $ a using the n-point functions 
of Chelkak, Hongler and Izyurov 



In this part, we will give a different proof of Theorem |1.2[ using the recent breakthrough results of 
Chelkak, Hongler and Izyurov in |CHI12j . From our tightness result obtained in Section [2j recall 
that there exist subsequential scaling limits = lim<3? an for the convergence in law in the space 
n~ 3 . We wish to prove that there is a unique such subsequential scaling limit. For this, we will use 
the following classical fact (see for example |LT11| ). 

Proposition 4.1. If h is a random distribution in ~H~ 5 (for the sigma-field generated by the topology 
of || • ||%-3 ), then the law of h is uniquely characterized by 

Ml) :=E[e* 

as a function of f £ T-L s . 

Using the tightness property proved in Section [2j Theorem 1.2 will thus follow from the next 
result. 

Proposition 4.2. For any f £ *H S , the quantity 

<^(/) = E[e l 

converges as the mesh size a \ 0. 

The proof of this proposition will be divided into two main steps as follows 

1. First, we will show that <3? a has "uniform exponential moments" which will allow us to express 
its characteristic function using 

*.</> =k[^]=i + 5:«m. 

fc>l 
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2. Then, it remains to compute each k th moment E[(<3? a , , i.e., to show uniqueness as a — > 0. 
For this, one uses the scaling limit results from |CHI12j together with Proposition 4.9 below 
which takes care of fc-tuples of points in the plane where at least two points are close to each 
other. 

Let us now state the main result we will use from [CHI 12 . 

Theorem 4.3 (|CHI12j, Theorem 1.3). Let Q be a bounded simply connected domain, and £l a be 
discretizations of Q (built from tlnal?). We denote by £ the boundary conditions chosen on Q, 
and we assume £ to be either + or free here. Then, for any k > 1, there exist /c-point functions 



zx,...,Zk e O i-)- (a Zl ...a 



so that for any e > 0, as the mesh size a — > and uniformly over all zi, . . . , z& G £7 at distance at 
least e from d£l and from each other, one has 

Q {a)- k ' 2 ■ [a Zl . . . a Zk ] -+ (a Zl ...a Zk %. (4.1) 

(Recall that g(a) is the renormalization factor defined in (1.1).) 

Furthermore, the functions (a Zl . . . o~ z ,)c> are conformally covariant in the following sense: if 
(f) : O — > Cl' is a conformal map, then 



Wn---(rz k )ci = (0*(*O • • • <r<K*k))fV II 1^)1 



1/8 



Remark 4.4. 



It is noted in |CHI12| that although their Theorem 1.3 is stated only for plus boundary 
conditions, the conclusions are valid for free and other boundary conditions as well. 

In [CHI12], the discretization is slightly different, which results in changing here the Appoint 
function (a Zl . . . , cr^ fc )^ by a constant factor. 



In most of this paper, we assume Wu's result, Theorem 1.6 In particular, one can then use 
the above theorem with a k ^ 8 instead of g(a) k / 2 (and with yet a further change of the k point 
function by another scalar). See Section [6] for the analysis when one does not wish to assume 
Wu's result. 



4.1 Exponential moments for the magnetization random variable 

In this section, we shall show that if m a denotes the magnetization random variable {& a , l[o,i] 2 ) (f° r 
wired or free boundary conditions on the square [0, l] 2 ), then m a has exponential moments. More 
precisely, we will prove: 

Proposition 4.5. For any and for any boundary condition £ on [0, l] 2 , one has 

limsupE 5 [e ima ] < oo . 

a\0 



22 



There are a number of ways to prove this proposition. We present one based on the Griffiths- 
Hurst-Sherman inequality from [GrHS70j. Let us state it here. 



Theorem 4.6 (GHS inequality, [GrHS7fl] ). Let G = (V,E) be a finite graph. Consider a pair 
ferromagnetic Ising model on this graph (i.e., the interactions Jij between vertices i ~ j are non- 
negative) and assume furthermore that the external field h = {h v ) v ^y (which may vary from one 
vertex to another) is also non-negative. Under these general assumptions, one has for any vertices 
i,j,k e V, 



((TiO-jO-k) ~ y(0-i) (o-jCTk) + (o-j) ((TiO-k) + ((Tk) (^j) j + 2((7i) (<Tj) (cTfc) < . 

This inequality has the following useful corollary (see, e.g., |GGN12j ). 

Corollary 4.7. Let G = (V,E) be a finite graph and let K C V be a non-empty subset of the 
vertices. Let us consider a ferromagnetic Ising model on G with the spins in K prescribed to be + 
spins and with a constant magnetic field h > onV\K . Then the partition function of this model, 
i.e., 



where E(a) = Y^i^j&v J ij a i a j> satisfies 

$log(Z Afc )<0. 



PE{a) + h °i ) . 

iEV\K 



Proof of Proposition 4.5\ If t < 0, using the symmetry of the Ising model, by changing the 
boundary condition £ into — £, we can assume t > 0. Hence one may assume that t > 0. This makes 
the function x i— > e tx increasing, and one can thus use the FKG inequality which implies that for 
any t > and any boundary condition £, one has 

E«[e* ma ] <E + [e tma ] . 

With + boundary condition on [0, l] 2 n aZ 2 , one can now rely on the above corollary of the GHS 
inequality which yields 



dl 



dl 



lQ g( V- „RF,(rr\ ) 



= dl\\og^[e h ^- 
< 0. 



With /3 = P c and h := ta 15 / 8 , one obtains that for any t > and any mesh size a > 0: 

^logE + [e tma ] < 0. (4.2) 
Now let 4>{t) := E + [e* m "] . It is easy to check that 

JV(0) = E + [m a ] 

U"(0) =E + [(m a - (m a )) 2 } . 
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This, together with (4.2), implies that for any t > 0, a > 0: 

t 2 



logE+[e tma ] < tE + [m a ] + -E+[(m a - (m a )) 2 ] . 



A.l 



in the 



By our choice of rescaling, m a := a 15//§ X^xe[o i] 2 naZ 2 °a;j we know from Proposition 
appendix that sup a>0 t E + [m a ] + ^E + [(m a — (m a )) 2 ] = 0(i + i 2 ) < oo, which completes the proof 
of Proposition 4.5 □ 



We have the following easy corollary of Proposition 4.5; it applies for example to fl = [0, 1] 



with £ plus or free, where there is a unique limit, and also to quite general fl and £ where there 
may only be limits along subsequences of a — > 0. 

Corollary 4.8. If m = m£ is the limit in law of m a for some ft and then 
(i) E[e tm ] < oo; 



(ii) furthermore, as a — > 0, E[e* ma ] — > E[e 



t ml 



The proof is straightforward. Note that for any t £ M, by Fatou's lemma one has that 

E\e tm ] < liminfEr e ima l , 



(4.3) 



which implies (i). Now (ii) follows easily from (i) (used with some t > \t\ and with £ = +), FKG, 
and the weak convergence of m a to m. 



4.2 Computing the characteristic function 



Let us prove Proposition 4.2 assuming Proposition 4.9 below. Let / £ % 3 be fixed once and for all. 
For any k > 1, note that 



\E[(^,f) k ]\ = \E[( £ a^f(x)a x ) k ] 



ze[o,i] 2 naZ 2 



15fc/8 



« ^2 f(z 1 )...f(z k )E[a Zl ...a 



2i,...,2 fe e([o,i] 2 naZ 2 ) fe 

< ii/ii^ « 15fc/8 £ E t c 

zi,..., Zft e([o,i] 2 naZ 2 ) fe 



< ii t\y^ \{nf 



,E[(r 



a\fcl 



Since, by Proposition 4.5, m a has uniform exponential moments, we deduce that the series 

i k E[($ a J) k ] 

k>l 



<M/)=E[e W >]=l + £ 



k\ 
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is indeed summable. Now, for each k > 1, let us prove that the k-th moment E[($ a ,/) fc ] has a 
limit as a —> 0. Let us fix some cut-off e > and let us divide the k-th moment as follows: 

E[<<£ a ,/> fe ] = £ a 15k / s f( Zl )...f(z k )E[a zl ...a Zk ] 

z 1 ,...,z k e([o,i] 2 naZ 2 ) k 

a 2k f(z 1 )...f(z k )a~ k / 8 E[a Zl ...a Zk ] (4.4) 

Zl,...,Z k 
\zi - Zj\ >eVi^j 

+ £ a 15fc / 8 /(^i).../(^)IEK...a, fc ]. 

2l, . . . , Z k 



Using Theorem 4.3 and assuming Wu's result, we have that in the domain [0, 1] , there exists a 



function z\, . . . , Zk •->• (z±, . . . , ^jt) [0,112 such that 

a~ k/8 E [0jl] a [<J Z1 . . . a Zk ) -»• (z 1} . . . , z k ) [ ,i]a , (4.5) 

uniformly in infj-^,- — Zj\ > e (again, up to a change by a deterministic scalar in the definition 
of these functions which arises from normalizing by either g(a) k ^ 2 or a fc / 8 ). The fact that the 



convergence is uniform implies that the first term in equation (4.4) converges as the mesh size 
a — > to 

zi,...,z k e ([0, i] 2 ) fc f( Zl "> ■ ■ ■ f( z k)( z i' • • ' ' z fc)[o,i]2 dz i ■ ■ ■ dz k ■ 

\zi - Zj\ >eVi^j 



To conclude the proof, it remains to prove that the second term in Equation (4.4) is small 



uniformly in < a < e, when the cut-off e is small. This is the content of the next section. 
4.3 Handling the "local" £>tuples 

Proposition 4.9. Let $7 be a domain with + boundary conditions. For any k > 1, there exist 
constants C k = Cfc(^) < 00 such that, for all < a < e, 

£ a 15fc/8 E[n^]<C fc e 7 /4. 

(x 1 ,...,x k ):'mi i ^ :j {\x i -Xj\}<€ 1 

Proof. Our proof is based on the FK representation; we remark that a somewhat different proof 
can be obtained by using the Gaussian correlation inequalities of [N75]. One implements the + 
boundary condition via a ghost vertex corresponding to the boundary and then reduces estimates 
of A;th moments essentially to one and two point correlations. Those are handled by arguments like 



in the appendix below — see especially Equation A. 3 We now proceed with more details using the 
FK representation approach. 

One can write IE [Hi a Xi] using FK as follows: let be the set of graphs T defined on the set 
of vertices V k '■= {1, ...,&} U {+}, and which are such that the clusters of T which do not contain 
the point + are all of even size. (Of course the number |A^| of such graph structures is finite). 
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Now, similarly to Wick's theorem, one has the identity 

k 

i reA fc 

where A Xl Xk (T) is the event that the graph structure induced by the FK configuration oj on the 
set {x\, . . . , Xk} U {dQ} is given by the graph T £ Afc. 

Note that if T is not connected, there is some negative information inherent to the event 
Aci,...,cc fe (r). To overcome this, let A Xl ^„ iXk (T) be the event that the graph induced by the FK 
configuration u) on {x\, . . . , x^} U {dQ,} includes the graph T. Defined this way, A xlr _, )Xk (T) is an 
increasing event (which will allow us to use FKG) and one has for any T £ A&: 

F[A Xl _ Xk (T)] <p[^ 1 ,..., Xfc (r)]. 

Therefore, it is enough for us to prove the following upper bound: 

(xi,...,x k ):mfi^j{\xi-Xj\}<e TeA fe 
This is the subject of the next lemma. □ 



Lemma 4.10. For any domain fi and any k > 1, there exists a constant Ck = Ck(£l) < oo such 
that, for all < a < e, one has: 



15fe 



E E P[^i,...,**(T)] <C*a 
xi,...,x fc er2 a reA fc 

E E p [V. A w] < c^/v-h*. 

(cci,...,a;fc):iiaf,^ ; ,-{|a;i-a;j|}<e TeA fc 

Proof (sketch). The proof of this lemma proceeds by induction. For fe = 1, the bounds follow 
easily from Proposition A.l| in the appendix. For k = 2, using again Proposition A.l and summing 



'[sci f-> x 2 ] over all xi,x 2 which are such that |xi — a^l G (2 6 1 ,2 6 ], one gets a bound of the 
form 0(l)a- 4 2- 2b (2-7 a )~ 1/4 = 0(l)2- ?6 / 4 a- 15 / 4 , where a" 4 2- 2h = a - 2 (2- b /a) 2 comes from the 
number of ways one can choose x\ and X2 ■ Summing over all possible values of b smaller than 
log 2 (a~ 1 ) gives the first bound, while summing over values of b such that log 2 (e _1 ) < b < log 2 (ti~ 1 ) 
gives the second bound. (We neglect boundary issues that can easily be dealt with.) 

Let now k > 3 and assume that property (i) holds for all k! < k. We will first prove that it 
implies property (ii) from which (i) easily follows (in fact formally (i) readily follows from (ii) by 
taking e large enough but due to boundary issues, it is better to divide the study into these two 
sums) . 

The outer sum in (ii) is over the ordered fc-tuples (xi, . . . , Xk) which are such that I := infj^y \x{— 
Xj\ < e. For any such /c-tuple (xi, . . . , x^), let us choose one point among all points which are at 
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distance infj^j \xi — Xj\ from at least one of the others (there are at most k ways to pick one) and 
let us reorder the points into a fc-tuple (xi, . . . , x&) so that the point we have chosen is x\. 
This way, we obtain 

E E p[^i,...^(r)] 

x\ i • • ■ i Xk g r2 a fc 

inf if Lj \xi — Xj\ < e 

<k E E p [^*i.-A( r )l- 



Xl , . . . , Xfc 

infj^j |ij — Xj| = infj^i |xi — Xj| < e 



reA fc 



Now, for any such (xi, . . . , X&), we split the sum over T £ in two parts. 

(1) Consider first the sum over graphs T such that the cluster of x\ in T contains a point x m 
at distance < 2e from x\. Again by reordering (and possibly losing a factor of k), one can assume 
that x m = xi- Now let A XljX2 be an annulus which surrounds x\ and X2 and which is such that, 
by RSW, there is probability c > of the event S = S(Ax lj x 2 ) that there is an open path in Ari,£ 2 
surrounding x\ and xi- 

Let T be a graph on {£3, . . . , Xk} obtained from T in the following way. If the cluster of xi and 
X2 in r does not contain other points, let V = V \ {xi, X2}. Otherwise, first add some connection, if 
necessary, to make the cluster of xi and X2 in T connected without using x\ and X2 (i.e., all other 
vertices are connected by paths that do not pass through x\ and X2), and then remove xi and X2 
from the cluster. Note that, in both cases, T G A^_2- Using FKG, one can easily check that 

P^,...,^)] < (l/c)P[i £l ,... A (r) and S] 

< (l/c)P[xi o x 2 and A £3 ^ ik {f) and S] 

<(l/c)P + [x 1 «i 2 ]P[4,..., ifc (f)] 

<0(l)d- 1 /V/ 4 P[ J S 4 , > ... A (f)] > 

where d denotes the distance between x\ and X2 and by + we mean wired b.c. on the inner boundary 
of Ax 1: x2 ■ 

Summing over all xi, . . . ,Xfc which are such that d = \x\ — X2I € (2~ 6_1 , 2~ 6 ], and considering 
that there are at most k 2 ways of choosing x\ and X2 from {x±, . . . , x^}, this case gives a contribution 
which is bounded by 

0(l)fc 2 a- 4 2- 2fe 2 fc / 4 a 1 / 4 C fc _ 2 a- ±M ^ 1 , 

where a~ 2 (2~ b /a) 2 = a~ 4 2~ 2b is an upper bound on the number of ways to choose x\ and X2 from 
fl a - Hence, we get the following upper bound: 

It remains to sum over the possible values of b, i.e., log 2 (e _1 ) < b < log 2 (a~ 1 ), which gives a bound 
of the desired form. 

Note that we neglected boundary issues here (they can be handled easily at least if 3f2 is smooth 
enough) . 



27 



(2) Consider now the remaining sum over graphs T such that the cluster of £\ in T doesn't 
contain any point at distance < 2e from x\. In this case there is at least one point, say x%, which is 
at distance I from x\. If the cluster of £2 in T contains a point at distance < 2e from £2, then we 
can take £2 to play the role of x\ and we are back in situation 1. We can therefore assume that the 
cluster of £2 in T doesn't contain any point at distance < 2e from £2. We can then pick an annulus 
A Xl ,x 2 that surrounds x\ and £2 and does not contain any other point belonging to the clusters of 
x\ and £2 in T, and which, by RSW, contains an open path surrounding x\ and £2 with probability 
c > 0. We call S = S(A xltX2 ) the latter event. If S occurs, £\ and £2 belong to the same FK cluster. 
If we denote by T a graph on {£3, . . . , £k} obtained from T by connecting the clusters of £\ and £2 
in r outside of x\ and £2, and then removing £\ and £2 from T, we have that T £ A^_2- Using 
FKG, one can easily check that 

P[A £l> ... jXk (T)] < (l/c)F[A Xu ... A (T) and S] 

< (l/c)P[xi <-> £ 2 and A X3t _ >Xk (f) and S] 

<(l/ c )P+^ 1 ^x 2 ]P[A fi3) ... A (f)] 

<0(l)l- 1 ^F[A X3 _ Xk (f)], 

where by + we mean wired on the inner boundary of A X1X2 . 

Summing over all xi, . ■ . , Xk which are such that I = \x\ — £%] = hifj=y \%i ~ x j\ £ (2 _ , 2~ b ], 
this case gives a contribution which is bounded by 

where k 2 comes from the ways of choosing £\ and £2 from {x±, . . . , x^} and a~ 2 (2~ b /a) 2 = a _4 2 _2fe 
is an upper bound on the number of ways to choose £\ and £2 from Q a . Hence, we get the following 
upper bound: 

0(l)jfe 2 2- 76 / 4 C fc _ 2 o- i i 4! . 

It remains to sum over the possible values of b, i.e., log 2 (e _1 ) < b < log 2 (a _1 ), which gives the 
desired result. 

Modulo boundary issues that are easily dealt with, this concludes the proof of the lemma, which 
in turn implies the proposition. □ 



4.4 Consequences of this approach 



This proof of Theorem 1.2 through the study of the moments of m a sheds some light on For 
example it enables in some cases to explicitly compute the variance of m^. Indeed, in the full plane 
C, if one looks at ($, 1a), then from the work of [CHI12J or [Dll], we get that 

E[(<D C ,U> 2 ] = C JJ^ 1 dxdy, (4.6) 



Here C is a constant which can be computed explicitly thanks to the formula (see Theorem 1.6) 
by T.T. Wu QMW73J). Therefore, the second moment of (5>C) ^a) can be computed numerically or 
exactly depending on the set A. 
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5 Conformal covariance structure 



The scaling limit $°° of the magnetization field that we identified in the previous two sections has 
the following conformal covariance property. 

Theorem 5.1 (Conformal covariance of $°°). Let f2,0 be two simply connected domains of the 
plane (not equal to C) and let (p : Q, ^ Cl be a conformal map. Let ift = 4>~ l be the inverse conformal 
map from — > 0,. Let and $°° be the continuum magnetization fields respectively in Q, f2. 
Then, the pushforward distribution cf) * <£°° of the random distribution <&°° has the same law as the 
random distribution l-^'l 15 / 8 ^ 00 , where the latter distribution is defined as 

(|V/| 15/8 $°°,/) := ($ x ,w»\f//\ 15 /*(w)f(w)), 

for any test function f : £1 — > C. 

Let us illustrate this conformal invariance property in the particular case of the renormalized 
magnetization in squares of various scales. 

Corollary 5.2. Let m°° be the scaling limit of the renormalized magnetization in the square (i.e., 
m°° = (<&°° , l[o,i] 2 ) )■ F° r an y A > 0, let be the scaling limit of the renormalized magnetization 
in the square [0, A] 2 . Then one has the following identity in law: 



m ^ = A 15/8 m°°. (5.1) 



Let us discuss how to prove Theorem 5.1 



1. If one wants to follow the setup of our first proof (Section [3]), then the conformal covariance 



property, Theorem 5.1, is proved exactly in the same fashion as Theorem 6.1 in [GPS10J on 
the conformal covariance of the pivotal measures for critical percolation on the triangle lattice, 
except here one would have conformal covariance of the ensemble of FK area measures. 



2. If one wants to follow the setup of our second proof (Section Q, then Theorem 5.1 



is even 



easier to obtain, since it follows easily from the conformal covariance properties of the /c-point 
functions established in the main result, Theorem 1.3, of [CHI12J. 

6 Without assuming T. T. Wu's result 

The purpose of this section is to briefly explain how to adapt our proofs if one does not want to rely 



on T. T. Wu's result, Theorem |1.6| In this case, as explained in Subsection 1.2 one would need to 
renormalize our fields by 

@ a :=a 2 6 {a)- 1/2 , (6.1) 

instead of G a = a 15 / 8 . 
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6.1 Adapting the first proof (Section [3]) 

Let us point out here that it is not a priori needed to have an exact rescaling of the form a 15 / 8 if 



one wants to obtain our main result, Theorem 1.2 For example, this situation arises in [GPS10 , 
where the four-arm event is only known up to possible logarithmic corrections. Therefore, in order 
to build the pivotal measures there, it is not possible to assume a renormalization of the discrete 
counting measure by t? 3 / 4 ; instead, a more cumbersome renormalization of rj^a^rj, 1) _1 is needed — 
see |GPS10| for more details. In the present work, the same technology as in [GPS10] would enable 
us to prove Theorem 1.2 without relying on T. T. Wu's result. 



Yet, some of the present proofs would need to be slightly modified and some quantitative lemmas 



(such as Lemma 2.6 for example) would need to be changed. Let us point out that we would have 



at our disposal the following useful bound on the one-arm event: 

Cn- 1 ' 2 < af K (n) < n~ a , 



(6.2) 



for some exponent a > 0. The lower bound follows from Smirnov's observable (see |DHNll| ) while 
the upper bound follows from the RSW theorem in [D HN11| . Such bounds are enough to carry 



the proof from [GPS10] through (except for the conformal covariance property, Theorem 5.1 which 



needs at least an SLE 



computation for the one-arm event). 



16/3,16/3-6 

6.2 Adapting the second proof (Section [4]) 

The second proof is easier to adapt, since the results in |GHI12j are stated precisely with the 



renormalization factor Q a = a 2 g (a) 1 ^ 2 . The proof of Proposition 4.5 works as before. Of course, 



Proposition 4.9 would be stated in a less quantitative manner, but using for example the above 



estimate (6.2), one could still handle the local ^-tuples, which would give us the desired result. 



7 Properties of the limiting magnetization field 

In this last section, we wish to list some interesting properties satisfied by the magnetization field 
which will be proved in |GGNj as well as some results on the near-critical behavior of the Ising 
model along the /i-direction which appear or will appear in |CGN12( ICGNj . 

1. The random field $°° is not Gaussian; if m^f denotes the scaling limit of the renormalized 
magnetization in a bounded domain Q, then there exists a constant c = > such that 

logP[m^>xl ~ -ex 16 . 

Furthermore, it will be shown that the constant c = depends on the domain but does not 
depend on the boundary conditions. 

2. The probability density function of m^f is smooth as a consequence of the following quanti- 
tative bound on its Fourier transform: Vi £ R, 

\E n [e Um °°]\ < e- c ^ 16/1S , (7.1) 

for some constant C > 0. 
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3. In [CGN], it will be shown that the Ising model on the rescaled lattice aZ 2 with renormalized 
external magnetic field h a := /ia 15//8 has a near-critical (or off-critical) scaling limit as a \ 0. 
This near-critical limit is no longer scale-invariant but is conformally covariant instead and 
has exponential decay of its correlations. 

4. Finally, in |CGN12j we prove that the average magnetization (o"o) of the Ising model on Z 2 
at (3 = (3 C and with external magnetic field h > is such that 

Wo)fi c ,h ~ h& . (7.2) 



A Appendix: first and second moments for the magnetization 

The main purpose of this appendix is to prove the following proposition on the first and second 
moments of the magnetization in a bounded smooth domain Q. (In fact, to simplify the notation, 
we will only prove it in the case where Q is a square domain; see Proposition A.2). Along the way, 
we will also prove some useful bounds on the one-arm event in critical FK percolation (Lemma 



A. 3). Let us point out that in this appendix, we do not need to assume Theorem 1.6 



Proposition A.l. Let £1 be a bounded smooth domain of the plane. Let = M a be the (non- 
renormalized) magnetization 

M a =^a x . 

There is a constant C > such that for each mesh size a > 0, one has 



(i) E + [M a ] <Ca- 2 ^oJaj 
and 

(ii) E + [(M a ) 2 ] <Ca-* Q (a) . 

(Obviously here (i) follows from (ii) using Cauchy-Schwarz). For simplicity of presentation, we 
will prove this result only in the particular case where f2 is a square domain. Furthermore, in order 
to simplify the notation in the proof, we will work with a non-renormalized lattice. Before restating 
the above proposition in this setting, let us introduce the following notation: for any iV > 1, let 

p(N) := E z2 [<r(pfl)(T(N,N)] • ( A - 1 ) 



As such, p(N) is related to g(a = y/2(N) : ), where g(a) was defined in (1.1). 
We will show the following proposition. 

Proposition A.2. For any N > 1, let Aj^ be the square [— N, N] 2 and let be the magnetization 
in Ajv ; i.e., 

M N := °x ■ 

Then, there is a constant C > such that for all N > 1, 
(i) E + [M N ] < CNipiN) 1 / 2 
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and 



(ii) E + [M^] < CN 4 p{N) . 

The proof of the proposition relies on the following lemma, which already appeared in [CNO^ . 
To be self-contained, we include a proof here. (Also, the lemma below includes more than what is 
actually needed for Proposition A. 2 but it will be useful for future reference.) We denote by IPj£ ee [•] 
(resp, 1P^[ - ]) the critical FK percolation measure with free (resp., wired) boundary conditions. 

Lemma A. 3. There exists a constant C < oo such that 

'^^/pjN)<F+[0^8A N ] <C^pjN) 
< ^x/p(A0 < P£ ee [0 O dA N ] < Cyfp{N) 
^p(N)<Cp(2N) 

Proof. To derive the first two parts of the lemma, it is clearly enough to prove the following 
inequality for some constant C < oo: 

^ Vp(N) < P£ ee [0 O dA N ] < F + [0 O 8A N ] < C^/pjN) ■ 
Let us first handle the LHS: clearly, using FKG, one has 



p(N)<F + [0^8A N/2 ] 



Now we wish to show that 



][0^8A N/2 ] < C P^[0«M ff ] 



(A.2) 



for some constant c < oo. This can be seen as follows: let be the event that there is open circuit 
in the annulus A^v/2 \ Aiv/4i then 

P£ ee [0 o 8A N ] > P£ ec [0 O dA N ; R N ] 
>F* cc [0^dA N | R N ] 
> F + [0 O 8A N/2 ]F+ [8A N/4 o 8A N ] , 



which concludes the proof of (A.2) by using RSW from [DHNllJ. Altogether this proves the LHS 
inequalities in the first two parts of Lemma A. 3 The RHS is proved along the same lines. Namely, 
one clearly has by FKG that 



p(N)>F^[0^8A N/2 }\ 



) free 



[0 <-> 8 A; 



> 



> free 

Pc 



[0 o <9A2tv] and thus, using again (A.2), this concludes 



Now obviously, 

the proof of the first two parts of Lemma A. 3 It is easy to see from the above computation that, 
possibly by changing the value of C, one can get the last part of Lemma A. 3 □ 



Proof of Proposition A.2 , Even though, as pointed out above, property (i) follows from property 
(ii) by Cauchy-Schwarz, we will give a detailed proof of (i) and only briefly highlight how to deal 
with (ii). 
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We divide the domain Ajv into n x log 2 N disjoint annuli Aq,..., A n such that for each i E [0, n], 
the vertices in Ai are at distance 2* (up to a factor of 2) from the boundary dA^. This decomposition 
gives us 

E + [M N ] = ^2^ + [x ^ dA N ] 

0<i<n xeAi 

<o(i) #{^}F + [o^aA 2 ,] 

0<i<n 



< O(l) ^ iV2 i P+[0o 9A 2I ] . 



0<i<n 

Now, one has that for any i < n, 



" [0 o 9Ajv] > IP frcc [0 o <9A 2l ]P froc [9A 2 * o QA^v] 
> l/C 2 P+[0 dA 2l ]P frec [3A 2l o M 



from Lemma A. 3 Continuing the above computation, one obtains 



E+\M N ] <0(N) Y C 3 2 { f 

It is known from [DHNllj , Proposition 24, that P free [<9A 2l «-> <9Ajv] > c^/N) 1 / 2 for some constant 
c > 0. This gives 

E + [Miv] <0(l)iV ^ 2 4/2 AT 1 /Vp( Ar ) 

0<i<n 

<0(1)N 2 ^(N), 

which completes the proof of condition (i). 

The proof for the second moment (ii) follows exactly the same lines except that the combinatorics 
is slightly more tedious. As an indication, let us give two upper bounds which are useful to carry 
out the computation properly: if x,y € Ajy are such that I := \x — y\ < min(<i(x, dAjy), d(y, dAjy)), 
then one has 

^ + [a x a y ] <0(l)P + [0HaA|] 2 P + [a( z + A 2i )o3Ajv], (A.3) 

where z is the midpoint between x and y. If, on the other hand, one of the points is close to the 
boundary, in the sense that \x — y\ > min(d(x, OAn), d(y, dAjy)), then one can dominate E + [c^Uy] 
by 0(l)P+[x <-> dA N ]F+[y dA N ]. □ 
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